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Abstract
We obtain closed-form expressions for all sums of the form
∑n
k=1 Fmk
4
and
∑n
k=1 Lmk
4 and their alternating versions, where Fi and Li de-
note Fibonacci and Lucas numbers respectively. Our results com-
plement those of Melham who studied the alternating sums.
1 Introduction
The Fibonacci numbers, Fn, and Lucas numbers, Ln, are defined, for
n ∈ Z, as usual, through the recurrence relations Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1
and Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1, with F−n = (−1)
n−1Fn and
L
−n = (−1)
nLn.
About two decades ago, motivated by the results of Clary and Hemen-
way [1] who obtained factored closed-form expressions for sums of the
form
∑n
k=1 Fmk
3, Melham [2] obtained factored closed-form expressions
for alternating sums of the form
∑n
k=1 (−1)
k−1Fmk
4.
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Since no evaluations were reported in the Melham paper for the non alter-
nating sums, we have attempted to fill that gap in this paper. Our main
results are the following, valid for integers m and n, with m not equal to
zero:
25
n∑
k=1
Fmk
4 =
F2mn+m(L2mn+m + 4(−1)
mn−1Lm)
F2m
+ 6n+ 3
and
n∑
k=1
Lmk
4 =
F2mn+m(L2mn+m + 4(−1)
mnLm)
F2m
+ 6n− 5 .
We also re-derived the alternating sums, in slightly different but equivalent
forms to the results contained in [2]:
n∑
k=1
(−1)k−1Fmk
4 =
FmnFmn+m
{
(−1)n−1LmLmnLmn+m + (−1)
n(m−1)4L2m
}
5LmL2m
and
n∑
k=(1+(−1)n)/2
(−1)k−1Lmk
4 =
(−1)n−15FmnFmn+m {LmLmnLmn+m + (−1)
nm4L2m}
LmL2m
,
valid for all integers m and n.
2 Required identities and preliminary results
2.1 Telescoping summation identities
The following telescoping summation identities are special cases of the
more general identities proved in [3].
Lemma 2.1. If f(k) is a real sequence and m and n are positive integers,
then
n∑
k=1
[f(mk +m)− f(mk)] = f(mn+m)− f(m) .
Lemma 2.2. If f(k) is a real sequence and m and n are positive integers,
then
n∑
k=1
(−1)k−1 [f(mk +m) + f(mk)]
= (−1)n−1f(mn+m) + f(m) .
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2.2 First-order Lucas summation identities
Lemma 2.3. If m and n are integers, then
Fm
n∑
k=1
(−1)mk−1L2mk = (−1)
mn−1FmnLmn+m .
Proof. Setting v = m and u = 2mk in the identity
Fu+v − (−1)
vFu−v = FvLu , (2.1)
gives
F2mk+m − F2mk−m = FmL2mk , m even , (2.2)
and
F2mk+m + F2mk−m = FmL2mk , m odd . (2.3)
Using identity (2.2) in Lemma 2.1 with f(k) = F2k−m, it is established
that
Fm
n∑
k=1
L2mk = Fm+2mn − Fm
= Fm+mn+mn − Fm+mn−mn
= FmnLmn+m , m even ,
(2.4)
on account of identity (2.1).
Similarly, using identity (2.3) in Lemma 2.2 with f(k) = F2k−m, we have
Fm
n∑
k=1
(−1)k−1L2mk = (−1)
n−1Fm+2mn + Fm
= (−1)n−1 (Fm+mn+mn − (−1)
nFm+mn−mn)
= (−1)n−1 (Fm+mn+mn − (−1)
mnFm+mn−mn) , since m is odd
= (−1)n−1FmnLmn+m , m odd .
(2.5)
Identities (2.4) and (2.5) combine to give Lemma (2.3).
Lemma 2.4. If m and n are integers, then
Lm
n∑
k=1
(−1)k(m−1)L2mk = (−1)
n(m−1)L2mn+m − Lm .
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Proof. Setting v = m and u = 2mk in the identity
Lu+v + (−1)
vLu−v = LvLu , (2.6)
gives
L2mk+m − L2mk−m = LmL2mk , m odd , (2.7)
and
L2mk+m + L2mk−m = LmL2mk , m even . (2.8)
Using (2.7) in Lemma 2.1 with f(k) = L2k−m, we have
Lm
n∑
k=1
L2mk = Lm+2mn − Lm , m odd . (2.9)
Similarly, using (2.8) in Lemma 2.2 with f(k) = L2k−m, we have
Lm
n∑
k=1
(−1)k−1L2mk = (−1)
n−1Lm+2mn + Lm m even . (2.10)
Identities (2.9) and (2.10) combine to give Lemma (2.4).
3 Main results
3.1 Non alternating sums
Theorem 3.1. If m is a non-zero integer and n is any integer, then
25
n∑
k=1
Fmk
4 =
F2mn+m(L2mn+m + 4(−1)
mn−1Lm)
F2m
+ 6n + 3 .
Proof. By squaring the identity
5Fu
2 = L2u − (−1)
u2 , u ∈ Z , (3.1)
and making use of the identity
Lv
2 = L2v + (−1)
v2 , v ∈ Z , (3.2)
and finally setting u = mk, it is established that
25Fmk
4 = L4mk + (−1)
mk−14L2mk + 6 . (3.3)
4
By summing both sides of identity (3.3), using Lemma 2.3 to sum each of
the first two terms on the right hand side, we have
25
n∑
k=1
Fmk
4 =
(F2mnL2mn+2m + 4(−1)
mn−1LmFmnLmn+m)
F2m
+ 6n , (3.4)
Using the identity (2.1) we can write
F2mnL2mn+2m = F4mn+2m − F2m
= F2mn+mL2mn+m − F2m
(3.5)
and
LmFmnLmn+m = Lm(F2mn+m − (−1)
mnFm)
= LmF2mn+m + (−1)
mn−1F2m .
(3.6)
Substituting (3.5) and (3.6) into (3.4) proves Theorem 3.1.
Corollary 3.2. If n is an integer, then
25
n∑
k=1
Fk
4 = F2n+1Ln−1Ln+2 + 6n+ 3 .
Proof. From Theorem 3.1 we have
25
n∑
k=1
Fk
4 = F2n+1(L2n+1 + 4(−1)
n−1) + 6n+ 3 . (3.7)
From identity (2.6) with u = n+ 2 and v = n− 1 we have
L2n+1 + 4(−1)
n−1 = L2n+1 + (−1)
n−1L3 = Ln−1Ln+2 , (3.8)
and the result follows.
Theorem 3.3. If m is a non-zero integer and n is any integer, then
n∑
k=1
Lmk
4 =
F2mn+m(L2mn+m + 4(−1)
mnLm)
F2m
+ 6n− 5 .
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Proof. The theorem is proved by summing both sides of the following
identity,
Lmk
4 = L4mk − (−1)
mk−14L2mk + 6 , (3.9)
applying Lemma 2.3 to sum each of the first two terms on the right hand
side. Identity (3.9) is obtained by squaring identity (3.2) and finally setting
v = mk.
Corollary 3.4. If n is an integer, then
n∑
k=1
Lk
4 = 5F2n+1Fn−1Fn+2 + 6n− 5 .
Proof. From Theorem 3.3 we have
n∑
k=1
Lk
4 = F2n+1(L2n+1 − 4(−1)
n−1) + 6n− 5 . (3.10)
From identity (3.15) with u = n + 2 and v = n− 1 we have
L2n+1 − 4(−1)
n−1 = L2n+1 − (−1)
n−1L3 = 5Fn−1Fn+2 , (3.11)
and the result follows.
3.2 Alternating sums
Theorem 3.5. If m and n are integers, then
n∑
k=1
(−1)k−1Fmk
4 =
FmnFmn+m
{
(−1)n−1LmLmnLmn+m + (−1)
n(m−1)4L2m
}
5LmL2m
.
Proof. Multiplying through identity (3.3) by (−1)k−1 and summing over
k, we have the identity
25
n∑
k=1
(−1)k−1Fmk
4 =
n∑
k=1
(−1)k−1L4mk
+ 4
n∑
k=1
(−1)k(m−1)L2mk + 3((−1)
n−1 + 1) .
(3.12)
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When Lemma 2.4 is used to evaluate the sums on the right hand side we
have
25
n∑
k=1
(−1)k−1Fmk
4 =
(−1)n−1L4mn+2m + L2m
L2m
+
4
{
(−1)n(m−1)L2mn+m − Lm
}
Lm
+ 3
{
(−1)n−1 + 1
}
,
(3.13)
that is,
25
n∑
k=1
(−1)k−1Fmk
4 =
(−1)n−1L4mn+2m
L2m
+
4(−1)n(m−1)L2mn+m
Lm
+ 3(−1)n−1
=
(−1)n−1 {L4mn+2m − L2m}
L2m
+
4(−1)n(m−1) {L2mn+m − (−1)
mnLm}
Lm
.
(3.14)
Theorem 3.5 then follows when the identities
Lu+v − (−1)
vLu−v = 5FvFu (3.15)
and
F2u = FuLu (3.16)
are used to write the right hand side of (3.14).
Corollary 3.6. If n is an integer, then
n∑
k=1
(−1)k−1Fk
4 =
(−1)n−1
3
FnFn+1Fn−2Fn+3 .
Proof. From Theorem 3.5
n∑
k=1
(−1)k−1Fk
4 =
FnFn+1((−1)
n−1LnLn+1 + L2L3)
15
. (3.17)
From identity (3.15)
LnLn+1 = L2n+1 − (−1)
n−1 , L2L3 = L5 + 1 . (3.18)
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We therefore have
n∑
k=1
(−1)k−1Fk
4 =
(−1)n−1FnFn+1(L2n+1 + (−1)
n−1L5)
15
=
(−1)n−1FnFn+1(L2n+1 − (−1)
n−2L5)
15
=
(−1)n−1
3
FnFn+1Fn−2Fn+3 , by identity (3.15).
Theorem 3.7. If m and n are integers, then
n∑
k=(1+(−1)n)/2
(−1)k−1Lmk
4 =
(−1)n−15FmnFmn+m {LmLmnLmn+m + (−1)
nm4L2m}
LmL2m
.
Proof. Multiplying through identity (3.9) by (−1)k−1 and summing over
k, we have the identity
n∑
k=1
(−1)k−1Lmk
4 =
n∑
k=1
(−1)k−1L4mk
− 4
n∑
k=1
(−1)k(m−1)L2mk + 3((−1)
n−1 + 1) ,
(3.19)
which by the use of Lemma 2.4 gives
n∑
k=1
(−1)k−1Lmk
4 =
(−1)n−1L4mn+2m
L2m
−
4(−1)n(m−1)L2mn+m
Lm
+3(−1)n−1+8 ,
so that if n is even we have
n∑
k=1
(−1)k−1Lmk
4 = −
(L4mn+2m − L2m)
L2m
−
4(L2mn+m − Lm)
Lm
, (3.20)
while if n is odd we have
n∑
k=1
(−1)k−1Lmk
4 = −
(L4mn+2m − L2m)
L2m
−
4(−1)m−1(L2mn+m − (−1)
mLm)
Lm
+ 16 ,
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that is,
n∑
k=0
(−1)k−1Lmk
4 = −
(L4mn+2m − L2m)
L2m
−
4(−1)m−1(L2mn+m − (−1)
mLm)
Lm
.
(3.21)
Using identities (3.15) and (3.16) to write the right side of identities (3.20)
and (3.21) and combining the results we obtain the statement of Theo-
rem 3.7.
Corollary 3.8. If n is an integer, then
n∑
k=(1+(−1)n)/2
(−1)k−1L4k = (−1)
n−15
3
FnFn+1(Ln−2Ln+3 + (−1)
n2) .
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